Inequality 3

Prove that (a + b) (b + ¢) (¢ + a) = 8abc is true for all positive numbers a, b, and c with
equalityonlyif a = b = c.

Let a,b,c be positive numbers.
(\/E— \/3)2 >0 & a+ b>2Vab  withequality holdsonlyif a = b

Similarly, b + c¢>2Vbc  withequality holdsonlyif b = ¢
¢ + a>2vca  withequality holdsonlyif ¢ = a
Hence (a + b)(b + c)(c + a) = (2Vab)(2Vbc)(2Vca) = 8abc

with equality holds only if a = b =c.
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Method 1
Consider: f(x) = 7x% 4+ 7x + 22. Since Aof f(x) =72 — 4(7)(22) = =576 < 0
The curve f(x) cannot cut the axis and is above the x-axis since a = 7 > 0.
~7x%+7x+22>0 forall x €R.

Method 2

f(x)=a(x+%)2—f—a=7(x+i)2—%=7(x+%)2+i74>0+i74>0

Hence from (*),(x+3)(x—1)>0=x< -3 o0rx > 1.

Solve |2x — 3| < |x — 1| + |[x — 2| for x.

2x -3 <|x—1|+|x=2|=|x-1D+x-2)|<|x—1]+|x — 2|

Since both sides are positive, we square both sides,



(=12 4+2x—Dx—2)+(x—-22<(x—1?+2|(x—D(x —2)| + (x — 2)
(x—1Dx—-2) <|[(x—Dx-2)]
This is a strict inequality, we onlyhave (x —1)(x —2)<0=1<x <2

(a) Find the solution of the general symmetric inequality:
Ix+a|l+|x—al<b, b=0
(b) Hence find x where |x — 1|+ [x — 2] < 4.

(a) Ix+al+|x—al<b, b=>0..(1)
By triangular inequalities |x + a| + |x —a| = |(x + a) + (x — a)| = 2|x|

b b
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Notealso, |[x +al+|x—a|=|x+a|l+|a—x|=|(x+a) + (a —x)| = 2|a|
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In general, (1) has solution: —

(b) Now we go back to x =1+ [x—-2] <4..(2)
(2) obviously is not the same as the symmetric form as in (1).
Put u=x-15weget |u+05|+|u—05/<4 (—1.5 isthe mid pointof —1 and —2)
Apply previousresult, —2<u<2=-2<x-15<2=-0.5<x<3.5

Solve |x - %| < 4.

We assume x is real.

2
Since both sides are positive, squaring gives (x — i) <16

Since x # 0, multiple both sidesby x? >0, (x?—1)? < 16x?
Hence (x?—1)%2 —(4x)? <0
= x?2—4x-1)x*+4x-1)<0

{x2—4x—1>0 {x2—4x—1<0
X’ +4x-1<0 X2 44x—-1>0

:{ [x - (2-+V5)][x—(2+V5)] >0 { [x—(2-V5)][x—(2+V5)] <0
[x—(~=2=V8)|[x = (=2 +v8)] <0 * x—=(=2=B)|[x— (-2 +V5)] >0

{2—\/§>xorx>2+\/§ { 2—-V5<x<2++5
) or
—2—-V5<x<=2++5 —2—-V5>x orx>+V5-2

= -2-V5<x<2-V50rvV5-2<x<2++5



Prove by mathematical induction the inequality 5" >n® forall n > 5.

Let P(n):5" > n®
For (5) , 5° >5° isobviously true.
Assume P(k) istrue forsome k € N,k > 5,thatis 5% > k> .. (1)
For P(k + 1),
S5k+l = 5.5k > 5k5 by (1)
=k>+k>+k>+k°>+k°
= k> + kk* + k?k® + k3k* + k*k ,k =5
> k> + 5k* + 25k3 + 125k* + 624k + k , k=5
> k> + 5k* + 10k + 10k* + 5k +1 ,k =5
= (k+1)°
.~ P(k+ 1) istrue.

By the principle of mathematical induction, P(n) istrue forall n € N,n > 5.
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